Enhanced high thermal conductivity and low permittivity of polyimide based composites by core-shell Ag@SiO2 nanoparticle fillers Appl. Phys. Lett. 101, 012903 (2012) Inter-tube thermal conductance in carbon nanotubes arrays and bundles: Effects of contact area and pressure Appl. Phys. Lett. 100, 261908 (2012) Focus shift photothermal method for thermal diffusivity mapping J. Appl. Phys. 111, 123526 (2012) Minimum thermal conductivity considerations in aerogel thin films J. Appl. Phys. 111, 113532 (2012) Thermal conductivity of argon at high pressures and high temperatures J. Appl. Phys. 111, 112609 (2012) Additional information on J. Appl. Phys. In this paper, we report a non-equilibrium molecular dynamics study on the size-dependent thermal conductivity in single-walled carbon nanotubes with lengths up to micrometers at room temperature. It is found that the size-dependent thermal conductivity of single-walled carbon nanotubes can be described by jðL; dÞ % j g ðLÞð1 À e À0:185d=a 0 Þ, where L is the tube length, d is the diameter, a 0 ¼ 2:46 Å is the graphene lattice constant, and j g ðLÞ / L a is the thermal conductivity of a graphene of length L. In the above, a ¼ 1 for L < l 0 , and a $ 0:21 for L > l 0 , independent of the tube chirality (zigzag or armchair), where l 0 % 200 nm and 300 nm are the effective phonon mean free path for zigzag and armchair tubes, respectively. Physical interpretations of such geometry dependence are provided in the paper by analyzing the spectral energy density, the dispersion relationship, the phonon density of state, and the power spectrum of phonons. V C 2012 American Institute of Physics. [http://dx
I. INTRODUCTION
Because of its unique thermal, electrical, and mechanical properties, carbon nanotube (CNT) is becoming a promising candidate for future nano-electro-mechanical system (NEMS). [1] [2] [3] In particular, CNTs have been studied extensively as thermal interface materials to dissipate heat in NEMS. Recently, graphene, a one-layer crystal arranged in a two-dimensional honeycomb lattice of carbon bonds, has attracted a great deal of attention from the physics and engineering communities owing to its exceptional properties such as thermal conductivity. [2] [3] [4] [5] [6] [7] [8] However, existing studies have shown inconsistent results on the thermal conductivity of CNTs and graphene. For example, the reported room temperature thermal conductivity of single-walled CNT (SWCNT) ranges widely from 30 to 400 000 W/mK. 1, [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] In particular, the range of values predicted by either theoretical or numerical models is extremely large. For example, Che et al. 28 utilizing molecular dynamics (MD) simulations found that the transition length to fully diffusive regime is 40 nm, and the diffusive thermal conductivity is about 3000 W/m K at room temperature. Yao et al. 11 calculated thermal conductivity of SWCNTs to be 400 000 W/mK for (10, 10) with length of 100 nm using the Green-Kubo method. Maruyama 12 showed that the thermal conductivity is around 400 W/m K for a 400 nm long tube and increases steadily with length with an exponent of 0.15. Mingo and Broido 29 solved the linearized Boltzmann-Peierls phonon transport equation by accounting the three-phonon scattering processes to higher order and showed that the room temperature thermal conductivity of a 100 nm-long (10, 0) SWNT is 100 W/mK and can be as high as 9500 W/mK in the fully diffusive regime. More recently, Lindsay et al. 27 showed that, by using the correct phonon selection rules within the phonon transport framework, the thermal conductivity of SWCNTs does not converge until its length reaches millimeter range and the length-converged value is about 6000 W/mK at room temperature. More recent experimental measurements on a 2.6 lm long SWCNT show a peak thermal conductivity value of about 3400 W/mK at 300 K, and the value decreases to about 1200 W/mK at 800 K. 23 Clearly, the thermal conductivity of SWCNT is a strong function of the CNT length.
Another factor that has not been called to attention is the diameter dependence. The diameters of typical SWCNTs by chemical vapor deposition (CVD) methods are typically around 5-20 nm, 12, 16 while the most commonly studied SWCNTs in MD simulations are smaller than 2 nm in diameter. Therefore, it is imperative to know the dependence of the thermal conductivity of SWCNTs on its diameter. Unfortunately, there has been very little work done in this area until recently, and the results are inconsistent. Thomas et al. 16 reported that the thermal conductivity of SWCNTs decreases monotonically with increasing tube diameter with the thermal conductivity of graphene as the lower limit, while Lindsay et al. 30 reported exactly the opposite trend, i.e., the thermal conductivity increases with tube diameter with the thermal conductivity of graphene as the upper limit.
In an effort to clarify the confusion, and to understand the discrepancy in the existing literature, we investigate the size-dependent thermal conductivity of SWCNT in this work. Specifically, we use a classical non-equilibrium MD simulation method 12, 13 to calculate the thermal conductivity of SWCNTs with radii ranging from (5, 5) to (40, 40) for armchair SWCNTs and (5, 0) to (60, 0) for zigzag SWCNTs, and lengths ranging from 5 nm to 2.5 lm. The optimized Tersoff potential 31 is used in the MD simulations. A schematic of the simulation models used in the present work is shown in Figure 1 . The same method was used in our recent work on Kapitza conductance of symmetric tilt grain boundaries in graphene. 32 We note that classical MD simulations such as the one used in this work neglect the explicit description of electrons. However, it has been shown that the electron mediated thermal transport in SWNTs is negligibly small in comparison with the phonon mediated thermal transport at room temperature. 33, 34 Therefore, classical MD can be used to simulate the thermal transport in SWCNTs at room temperatures.
Thermal transport in SWCNTs generally can be categorized into three different regimes. 35 In tubes with lengths less than the effective phonon mean free path (MFP) l 0 , the transport is ballistic. When the tube is longer than the diffusive transition length l 1 , the transport becomes fully diffusive and the thermal conductivity becomes lengthindependent. In between l 0 and l 1 , it is a gradual transition from ballistic to diffusive transport. Such a transition is the result of two phonon scattering processes, namely, phononboundary scattering and phonon-phonon scattering. In very short SWCNTs ((l 0 ), the thermal resistance due to boundary scattering dominates. In comparison, thermal resistance due to phonon-phonon scattering is negligible, and the thermal transport is predominately ballistic. As the SWCNT length increases beyond l 0 , the effect of boundary scattering decreases and the effect of phonon-phonon scattering gradually becomes the major source of thermal resistance. As the SWCNT length further increases beyond l 1 , boundary scattering diminishes significantly so that thermal resistance is primarily due to phonon-phonon scattering. Thus, thermal transport becomes fully diffusive and thermal conductivity becomes almost independent of the tube length. The regime between the predominately ballistic to fully diffusive is called the ballistic-diffusive transition regime because both phonon-boundary scattering and phonon-phonon scattering co-exist. Our main focus in this paper is the size (length and diameter) dependence of thermal conductivity in this ballistic-diffusive transition regime, with special attention to the potential and simulation technique being chosen.
We believe that this is the first report on full MD simulations of experimentally employed micrometer-long SWCNTs. All previous work in this area had been for much shorter SWCNTs. Since the ballistic length is about 200 nm, the transition from ballistic to diffusive regimes is between hundreds of nanometers to micrometers, which is the focus of the present paper. Although it is well known that the thermal conductivity of SWCNTs scales up with their length in the ballistic regime, the length-dependence of thermal conductivity of SWCNT in the ballistic-diffusive transition regimes is not well established and cannot be extrapolated from the ballistic regime. This makes it necessary to directly compute the thermal conductivity of SWCNTs whose lengths are in the ballistic-diffusive transition regime.
II. METHOD
Analogous to many experimental setups for measuring SWCNT thermal conductivity, 17, 23 the non-equilibrium MD method imposes a temperature gradient by applying a heat flux along the SWCNT axial direction. Thermal conductivity of SWCNT can then be obtained from the heat flux and the temperature gradient along the tube using the well-known Fourier's law,
where J z is the heat flux, and @T=@z is the spatial temperature gradient. In our calculations, the heat source is placed at the middle of the tube and a heat sink is attached to each end of the tube. Period boundary conditions (PBCs) are used along the tube axial direction, see Figure 1 (a). The energy transport algorithm proposed by Jund and Jullien 36 is employed. In this manner, once a steady state (i.e., the temperature profile along the tube does not change with time) is reached, a constant temperature gradient from the center to each end is established. After reaching the steady state condition, averages over 100 ps time are used to perform ensemble sampling. Such statistically averaged temperature profile is then used to compute the temperature gradient using a standard linear regression method. Standard deviation associated with the linear regression of the temperature profile is reported in our results by error bars.
In using Eq. (1), one needs to know the SWCNT crosssection area in order to compute the heat flux J z . We follow the standard practice of treating the SWCNT as a hollow tube of diameter d, and a wall thickness of h ¼ 3:4 Å . This gives the cross-section area of pdh. For graphene, the crosssection area is wh, where w is the width of the graphene sheet. A schematic of the simulation models used in the present work is shown in Figure 1 .
Prior to applying the heat flux, a NPT (P ¼ 0, T ¼ 300 K) ensemble run followed by a NVE run is performed to ensure that the SWCNT is thermo-mechanically equilibrated. The system temperature is found to be fairly constant around 300 K with very little fluctuation for the remaining data collection run. The velocity Verlet integration method with a time step of 0.5 fs is used. The LAMMPS software package 37 120 cpu cores (Intel X5650, 64-bit, 2.26 GHz, 48 GB memory).
Similar MD simulation methodologies are also used for calculating the thermal conductivity of graphene. Graphene ribbons of width w ¼ 5.2 nm and length L are used in the simulations. Periodic boundary conditions are used in all four sides of the ribbon. This effectively simulates a graphene sheet of infinite width instead of a ribbon with free edges. We have found that doubling the ribbon width introduces no significant difference in the results, indicating that 5.2 nm is wide enough so that the results are independent of the width of the simulation cell. In addition, varying the size of heat source and sink from 2 nm to 10 nm does not change the results.
Here, we stress that the optimized Tersoff potential 31 is used in our MD simulations for a number of reasons. In comparison to the original Tersoff 38 and the Brenner 39 potentials, the optimized Tersoff potential provides a more accurate description of the thermal properties in SWCNTs because (1) the optimized Tersoff potential predicts better fits to some structural data and most importantly the in-plane phonon-dispersion data for graphite; 40, 41 (2) group velocities of the acoustic modes predicted by the optimized Tersoff potential are much closer to the reported experimental values, although the group velocities of TA over a half of the Brillouin zone are a little overestimated; 40, 41 (3) the calculated thermal conductivity based on the optimized Tersoff potential agrees well with the results from phonon Boltzmann transport equation approach; 30 and (4) more importantly, the thermal conductivity calculated using the optimized Tersoff potential as reported here is much closer to the experimental data. 23 
III. RESULTS AND DISCUSSION
A representative temperature profile for a 2400 nm-long (10, 10) SWCNT is shown in Figure 2 (a). To ensure long enough simulation time to reach steady state, we have monitored the temperature difference DT between the heat source and the heat sink as a function of simulation time. From Figure 2(b) , it is clear that DT approaches a constant value after $6 ns, meaning that the time for reaching steady state for the 2400 nm-long (10, 10) SWCNT is $6 ns. A summary of the simulation details we used is listed in Table I .
Shown in Figure 3 are our results for the thermal conductivity of both armchair and zigzag SWCNTs along with that of graphene at T ¼ 300 K. It is seen that both the zigzag and armchair SWCNTs show similar trend, i.e., the thermal conductivity increases with increasing tube length. Careful analysis of the data shows that the thermal conductivity depends on the tube length through jðLÞ / L a , where a $ 1 for L < l 0 and a $ 0:21 for L > l 0 in the range of tube diameters considered here, and l 0 ¼ 200 nm for zigzag and for l 0 ¼ 300 nm for armchair tubes. One may thus conclude from these results that the MFP is l 0 % 200 nm and 300 nm for zigzag and armchair tubes, regardless of the diameter. This is consistent with the experimental results. 23 For shorter tubes (L < l 0 ), the transport is predominantly ballistic, e.g., lattice anharmnonicity, in comparison with the boundary scattering, has negligible effect on heat conduction 29 and the thermal conductivity scales with the tube length (a $ 1). For longer tubes (L > l 0 ), the transport is both ballistic and diffusive and the thermal conductivity is a power law function of the tube length with an exponent less than unity. As the tube length increases, thermal transport becomes more and more diffusive. Although it is expected that beyond certainly tube length l 1 , thermal transport would become fully diffusive and the thermal conductivity should become independent of the tube length, we have not been able to find such transition length at which the transport is fully diffusive, because our computational resources limited us to tube length no more than several micrometers. A recent study 27 using the phonon Boltzmann transport equation approach, however, seems to have shown that thermal transport in SWCNT does not become fully diffusive until the tube length is in the millimeter range.
To further investigate the size dependence of the thermal conductivity, we examine the spectral energy density can be regarded as the SED of polarization a(¼z; r; u). In the above, x is the frequency, k is the wave vector, N is the number of unit cells in the system, n is the number of atoms in each unit cell, v a ðp; q; tÞ is the a component of the atom velocity, r qp is the atom coordinate vector, m q is the mass, all for the qth atom in the pth unit cell, and s 0 is the total integration time. The atom velocity components (v z , v u , v r ) correspond to, respectively, the longitudinal, twist, and radial breathing polarization of the vibration modes. Once the atom velocity v a ðp; m; tÞ is computed using the MD simulations under the NVE ensemble, the SED can be obtained from carrying out the integration and summations in Eq. (3). We note that the full temperature-dependent anharmonicity of atomic interactions is accounted for in computing the SED.
The results for Eðx; k z Þ based our MD simulations using the optimized Tersoff potential are shown in Figure 4 for the (5, 5) and (40, 40) tubes. Note that because the SED defined here in Eq. (2) is already on a per atom basis, the comparison for tubes with different diameters is therefore meaningful. Although the overall features of Figure 4 agree well with the existing theoretical predictions, 42 our results shown in Figure 4 are much closer to the experimental data. 40, 41 It is seen that the longitudinal optical (LO) and transverse optical (TO) modes accurately reproduce the well-known G-band in the Raman spectra of graphene at 1580 cm À1 (corresponding to $50 THz) 41, 43 and the corresponding modes in SWCNTs with numerical calculations. 33, 34 The next parameter of interest is the total phonon density of states (DOS) which can be calculated from the spectra energy density by summing all the phonon modes with their corresponding amplitude at a given frequency, 12 i.e., gðxÞ ¼ X a g a ðxÞ; g a ðxÞ ¼
where g z ðxÞ, g u ðxÞ, g r ðxÞ are the DOS for the longitudinal, twist, and radial breathing modes, respectively. Figure 5 shows the total DOS for the (10, 10) SWCNTs of different lengths. We note that the characteristic frequencies shown in agree well with existing results. For examples, our predicted peak at 50 THz has been well documented. 41, 43 It is clearly seen from Figure 5 that longer tubes have higher DOS in entire frequency spectrum, indicating that both low and high frequency modes are enhanced in longer SWCNTs. However, these higher frequency modes are short ranged and localized. They do not contribute significantly to the thermal conductivity along the axial direction. Major contributions to the higher conductivity in longer tubes mainly come from the enhanced low frequency modes, which are long ranged and delocalized. Our simulation results also show that g z ðxÞ, g u ðxÞ, g r ðxÞ have very similar variation with increasing tube length.
Before proceeding to the diameter dependence, it is worth noting that our numerical results also show that the thermal conductivity of graphene has the same length dependence as that of the SWCNT, i.e., j g ðLÞ / L a , where the values of a are the same as in the SWCNTs in the same heat conducting directions (see Figure 3) . Now, let us now consider the dependence of thermal conductivity of SWCNTs on tube diameter. As seen from Figure 6 that the thermal conductivity increases almost exponentially with increasing tube diameter jðL; dÞ % j g ðLÞð1À e À0:185d=a 0 Þ for both types of SWCNTs of length L, where d is the SWCNT diameter and a 0 ¼ 2:46 Å is the graphene lattice constant. To gain insights on such diameter dependence, we turn our attention to the phonon dispersion curves, from which group velocity of each phonon mode can be derived. The dispersion curves can be obtained by connecting the "peaks" of the spectrum energy density plot at different wavenumbers. Figures 7(a)-7(c) show the longitudinal acoustic (LA), twist acoustic (TA), and radial breathing acoustic (ZA) phonon modes, respectively, in the armchair SWCNTs of different diameters along with that of graphene. It is seen that the dispersion curves for the LA and TA modes are very similar among SWCNTs with different diameters. The ZA mode, on the other hand, changes significantly as the tube diameter increases. Also, the difference between the dispersion curves of SWCNT and graphene is mainly in the ZA modes due to the curvature of SWCNT surfaces, i.e., as the tube diameter increases, the dispersion curve of the ZA mode approaches that of graphene, which is a quadratic function of k z . Intuitively, SWCNT can be viewed as a rolled-up graphene sheet. In this regards, when a graphene sheet is ''rolled'' into a SWCNT, the 2-D dispersion band structure folds into a large number of 1-D subbands. In a (5, 5) tube, for instance, the six phonon bands (four acoustic, two degenerated transverse modes 44 and three optical) of graphene become 36 separate 1-D discernible subbands, see, e.g., Figure 4 . As a result of such folding, a number of sharp peaks appear on the SWCNT phonon DOS due to 1-D van Hove singularities, 45, 46 which are absent in graphene and graphite. Despite the presence of these singularities, the overall shape of phonon DOS is similar for all SWCNTs. The phonon modes calculated here based on the SED are in good agreement with what has been studied in Saito et al. 9, 44 and Sanchez-Portal et al. 47 We also notice that the number of optical branches increases with the SWCNT diameter and the spacing between these branches is reduced.
At this point, it is worthwhile to discuss how the phonon modes in a SWCNT correspond to the phonon modes in a graphene sheet. In a SWCNT, the longitudinal, twist, and radial breathing modes are commonly used to describe the vibrational motion of the tube, while in a graphene sheet, inplane longitudinal, in-plane transverse, and out-of-plane (flexural) modes are typically used. Because the SWCNT is a rolled-up graphene strip, the radial breathing and the twist modes of a SWCNT correspond to the flexural, and the inplane transverse modes in the corresponding graphene sheet, respectively, while the longitudinal mode in the SWCNT corresponds to the in-plane longitudinal modes in the graphene. This is how the phonon modes of graphene are grouped together with those of SWCNT in Figure 7 .
To further understand the diameter dependence, the DOS for the longitudinal, twist, and radial breathing modes including both acoustic and optical modes are plotted in Figures 8(a)-8(c) , respectively, for tubes with different diameters. It is seen that, in comparison with the other two modes, the DOS for the radial breathing mode is rather sensitive to tube diameter, corroborating the observation in the previous paragraph that the radial breathing modes are responsible for To further investigate the different frequency components in the total DOS, we consider the partial power spectrum defined below
Physically, KðxÞ represents the power spectrum of all the phonon modes below frequency x. Our simulation results show that the partial power spectrum of the longitudinal (LA) and twist (TA) modes is rather insensitive to the tube diameter (not shown). The partial power spectrum for the breathing (ZA) mode, K r ðxÞ, changes with tube diameter rather significantly, as shown in Figure 9 . It is seen that up to about 40 THz, larger diameter tubes have more active radial breathing modes. Since low frequency modes (having finite group velocities, see Figure 4 ) are more effective in carrying heat, one may conclude that tubes with larger diameter have higher thermal conductivity because there are more active low frequency radial breathing modes. In addition, Figure 9 also shows that larger diameter tubes have less active high frequency radial breathing modes. However, these higher frequency modes do not contribute much to the thermal conductivity because of their near-zero group velocities, see Figure 4 . By including the entire frequency spectrum, one may obtain the total power spectrum K r ð1Þ. Plotted in Figure 10 is the total power spectrum Kð1Þ ¼ P a K a ð1Þ for all the SWCNTs studied in this paper. Interestingly, when Kð1Þ is plotted against N z , the number of unit cells in the tube, the total power spectra for all the SWCNTs considered here, irrespective of their chirality, seem to fit into a single master curve, which agrees with the observation that the thermal conductivity of SWCNTs is not sensitive to chirality. Note that N z is proportional to the tube length, albeit the proportional constant is different among tubes with different chiralities. Therefore, one may conclude from Figure 10 that the total power spectrum is independent of the tube diameter but increases monotonically with tube length.
As a footnote, we point out that the results shown in Figure 6 are consistent with a more recent study 30 for tubes with diameter greater than about 1.5 nm. For tubes with diameter less than about 1.5 nm, the phonon Boltzmann transport equation method predicts that the thermal conductivity starts to increase with decreasing tube diameter due to the violation of a selection rule in graphene arising from its reflection symmetry. 30 Such discrepancy between results of the phonon Boltzmann transport equation approach utilized in Ref. 30 and our MD results for extremely small tube diameters is being investigated. The results will be reported elsewhere.
Before closing, it is worthwhile to compare our results against previous work. First, our simulation results show that the thermal conductivity of a 2400 nm-long (10, 10) SWCNT is 1620 W/mK at room temperature. Experimentally measured value is 2000-3500 W/mK for a SWCNT of length 2600 nm and diameter 1.7 nm (corresponding to (12, 12) studied here) at room temperature. 16 Second, since the nonequilibrium MD method is used in our studies, it is fair to compare with the results obtained by the same method. Maruyama et al. 48 obtained 380 W/mK for a (10, 10) SWCNT at length of 200 nm with a simplified Brenner potential. Our result of (10, 10) tube with the same length and diameter is 860 W/mK. Thomas et al. 16 predicted $380 W/mK for a (10, 10) tube of length 800 nm using the Reactive Empirical Bond Order (REBO) potential. Our results of (10, 10) tube with the same length and diameter is 1350 W/mK. The comparison of the thermal conductivity of SWCNTs obtained from the present study and the available existing literature using various MD methods is shown in Table II . We are also aware that recent work on graphene nanoribbon showed that the thermal conductivity of graphene nanoribbon increases with width and become independent of width when exceeding 500 nm, reaching the limit of an infinite graphene sheet. 49 
IV. SUMMARY AND CONCLUSIONS
In summary, non-equilibrium MD simulations are carried out in this paper to study the thermal transport behavior in micrometer-long SWCNTs comparable to experimental samples. Particular attention is given to the effects of tube length and diameter on the thermal conductivity. We found that the transition length from predominately ballistic to ballistic-diffusive transport is about l 0 ¼ 200 nm for zigzag and l 0 ¼ 300 nm armchair SWCNTs regardless of their diameters. In other words, in tubes that are less l 0 , thermal transport is predominately ballistic. Thermal resistance in this ballistic regime is caused predominately by phonon scattering at the boundary, and the thermal conductivity scales up linearly with the tube length. In tubes that are longer than l 0 , thermal transport is both ballistic and diffusive. In this ballistic-diffusive regime, both phonon boundary scattering and phonon-phonon scattering contribute to the thermal resistance, but the contribution from boundary scattering decreases as the tube length increases. Thus, thermal conductivity increases as a power-law function j $ L a . Our results on the effects of tube diameter show that, in both armchair and zigzag SWCNTs, thermal conductivity increases exponentially with increasing tube diameter and eventually approaches that of graphene. We conclude that such increase is attributed to the presence of more low and moderate frequency radial breathing modes in larger diameter tubes. Finally, by combining the results on both length and diameter dependence, we found that the thermal conductivity of SWCNT can be described by jðL; dÞ % j g ðLÞð1À e À0:185d=a 0 Þ, where L is the tube length, d is the diameter, a 0 ¼ 2:46 Å is the graphene lattice constant, and j g ðLÞ / L a is the thermal conductivity of graphene of length L. In the above, a ¼ 1 for L < l 0 , and a $ 0:21 for L > l 0 , where l 0 ¼ 200 nm for zigzag and l 0 ¼ 300 nm armchair SWCNTs are the effective phonon mean free paths for zigzag and armchair tubes, respectively.
